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Abstract
Two new classes of topological groups are introduced: o-bounded and strictly o-bounded groups.
We give an example of a topological group which is strictly o-bounded but is not a subgroup of
a σ -compact group. A characterization of o-bounded groups in terms of their second countable
continuous homomorphic images is presented. Also, we construct a topological group which is
o-bounded but not strictly o-bounded. Ó 2000 Elsevier Science B.V. All rights reserved.
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1. Introduction
Our aim is to define two new classes of topological groups as close to σ -compact as
possible, and then study the relations between the ℵ0-bounded and σ -compact groups on
the one hand and the (strictly) o-bounded groups on the other. A topological group G is
called o-bounded if for every sequence U0,U1, . . . of neighborhoods of the identity in G
there are finite sets F0,F1, . . . such that
⋃∞
i=0Fi ·Ui =G. It is clear that every σ -compact
group is o-bounded. The following concept is defined in terms of topological games.
Suppose that G is a topological group and that we have two players, I and II. Player I
chooses an open neighborhood U0 of the identity in G. Then, player II chooses a finite
subset F0 of G. In the second turn, the player I chooses another neighborhood U1 of the
identity inG and player II chooses a finite subset F1 ofG. The game continues in the same
way until we have a sequence U0,U1, . . . of neighborhoods of the identity and a sequence
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F0,F1, . . . of finite subsets of G. Player II wins if
⋃∞
i=0 Fi · Ui = G. Otherwise, player
I wins. We say that the group G is strictly o-bounded if there exists a winning strategy
for the player II. Evidently, every strictly o-bounded group is o-bounded. One easily
verifies that every σ -compact group is strictly o-bounded. Okunev proposed the concept of
o-boundedness for topological groups as an attempt to give an internal characterization of
the subgroups of σ -compact groups. Later on, Tkacˇenko slightly modified it by introducing
strictly o-bounded groups.
In Section 2 we study the elementary properties of o-bounded and strictly o-bounded
groups. Recall that a topological group G is called ℵ0-bounded [5] if G can be covered
by countably many translations of every neighborhood of the identity. The class of ℵ0-
bounded groups is productive [5]. It is clear that every o-bounded group is ℵ0-bounded.
We show that the converse is false even for second countable groups (see Example 2.6).
In Section 3 we give an example of a strictly o-bounded group which cannot be
embedded as a subgroup into a σ -compact group (Example 3.1). A topological group
G is called R-factorizable [8,9] if for every continuous function g :G→ R there are a
continuous homomorphism pi :G→ H of G to a second-countable topological group H
and a continuous function h :H → R such that g = h ◦ pi . Clearly, all second countable
groups are R-factorizables. It is also known that every Lindelöf topological group is R-fac-
torizable (see [9, Corollary 1.13]). Example 3.1 (combined with [8, Example 2.1]) also
shows that a strictly o-bounded group is not necessarily R-factorizable.
In Section 4 we present a characterization of the o-bounded groups in terms of their
second countable continuous homomorphic images.
Section 5 contains a characterization of o-boundedness of the Abelian group Cp(X) of
continuous real-valued functions on X endowed with the pointwise convergence topology.
We also discuss the productivity properties of o-bounded groups there.
Finally, in Section 6 we show that the classes of o-bounded groups and strictly o-bound-
ed groups are distinct (see Example 6.1).
The classes of o-bounded and strictly o-bounded groups are wider than the class of
subgroups of σ -compact groups, but they are proper subclasses of the class of ℵ0-bounded
groups. The following diagram illustrates the situation.
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Example 3.1 shows that not every strictly o-bounded group is a subgroup of a σ -compact
group. The existence of an o-bounded group which is not strictly o-bounded follows from
Example 6.1. The group Rω in Example 2.6 shows that not every ℵ0-bounded group is
o-bounded. The same group Rω is R-factorizable, but is not o-bounded. The group G∗
C. Hernández / Topology and its Applications 102 (2000) 101–111 103
in Example 3.1 is strictly o-bounded and, by Example 2.1 of [8], contains a subgroup H
which is not R-factorizable. Theorem 2.1 implies that H is strictly o-bounded, so strictly
o-bounded groups need not be R-factorizable. Therefore, none of the arrows of the above
diagram is invertible. The fact that subgroups of σ -compact topological groups are R-
factorizable follows from [9, Corollary 1.13].
2. Elementary properties
In this section we study relatively simple properties of o-bounded and strictly o-bounded
groups related to the operations of taking subgroups and continuous homomorphic images.
Theorem 2.1. Every subgroup of a (strictly) o-bounded group is (strictly) o-bounded.
Proof. Let G be a strictly o-bounded group with identity e and let H be a subgroup of G.
Suppose that in turn i , player I chooses a neighborhood Ui of the identity in H . There are
neighborhoods Vi and Wi of the identity in G such that Vi ∩H = Ui and W−1i ·Wi ⊆ Vi .
Since G is strictly o-bounded, player II can choose the finite sets Fi corresponding to the
winning strategy in G for Wi in such a way that
∞⋃
i=0
Fi ·Wi =G.
If x ∈ Fi and xWi intersects H , we choose ax ∈H ∩ (xWi); otherwise, we put ax = e. It
is easy to see that Ai = {ax : x ∈ Fi} is finite. Let us verify that ⋃∞i=0Ai · Ui = H . It is
clear that
⋃∞
i=0Ai · Ui ⊆H . If y ∈H , there is x ∈ Fi such that y ∈ xWi for some i ∈ ω.
So, ax ∈H ∩ xWi , i.e., x ∈ axW−1i . Hence,
y ∈ xWi ⊆ axW−1i ·Wi ⊆ axVi.
Since y and ax are elements of H , it follows that a−1x y ∈ Vi ∩H ⊆ Ui . Thus, y ∈ aiUi ⊆
Ai ·Ui and we are done.
The argument in the case of an o-bounded group G is similar. 2
Corollary 2.2. Every subgroup of a σ -compact group is strictly o-bounded.
Theorem 2.3. Let φ :G→ H be a continuous epimorphism where G is a strictly o-
bounded group. Then H is strictly o-bounded. A similar assertion is valid for o-bounded
groups.
Proof. Suppose that at step i player I chooses a neighborhood Ui of the identity eH in
H . The set Vi = φ−1(Ui) is a neighborhood of the identity eG in G. Since G is strictly
o-bounded, player II can choose the finite sets Li corresponding to the winning strategy in
G for Vi . The sets Fi = φ(Li) are finite and
∞⋃
i=0
Fi ·Ui = φ
( ∞⋃
i=0
Li · Vi
)
= φ(G)=H.
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A similar argument shows that a continuous homomorphic image of an o-bounded group
is o-bounded. 2
If everyGδ-set in a topological groupG is open we say that G is a P -group.
Theorem 2.4. Every Lindelöf P -group G is o-bounded.
Proof. Suppose that U0,U1, . . . is a sequence of neighborhoods of the identity in G. Since
G is a P -group, U =⋂∞i=0Ui is a neighborhood of the identity. Using the fact that G is a
Lindelöf group, we can find a countable subsetN = {x0, x1, . . .} ofG such thatN ·U =G.
If Fi = {xi} for every i ∈N, we have
∞⋃
i=0
Fi ·Ui =G,
and hence G is o-bounded. 2
In Section 3 we present a series of Lindelöf P -groups which are strictly o-bounded. The
following problem, however, remains open.
Problem 2.5. Is every Lindelöf P -group G strictly o-bounded?
Example 2.6. Consider the additive group of the reals R endowed with usual topology.
Let us prove that Rω is not o-bounded. For every i ∈ ω, let Ui be a neighborhood of the
identity in Rω defined by
Ui =
∏
j∈ω
Vi,j ,
where Vi,j = (−1,1) if j 6 i and Vi,j = R otherwise. For any sequence {Fi : i ∈ ω} of
finite subsets of Rω, we can define a point in Rω outside of
⋃∞
i=0Fi ·Ui . Indeed, consider
the point x = (xi)i∈ω ∈Rω , whose ith coordinate xi satisfies
xi ∈R \ pi(Fi) · pi(Ui),
where pi :Rω→ Ri = R is the projection. It is not difficult to see that x /∈⋃i∈ω Fi · Ui .
Therefore, the group Rω is not o-bounded.
The above example implies that if H is a dense subgroup of a topological group G and
H is o-bounded, G is not necessarily o-bounded (take G = Rω and define H to be the
σ -product of the groups Ri , H ⊆ G). This is one more difference between the classes of
o-bounded and ℵ0-bounded groups (see, e.g., Proposition 3 of [5]).
3. o-bounded and σ -compact groups
Let us show that the class of strictly o-bounded groups contains the subgroups of σ -
compact groups as a proper subclass.
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Example 3.1. Let {Gα: α ∈ A} be a family of countable discrete groups. Consider the
product Π =∏α∈AGα endowed with the ℵ0-box topology τ , the base of which consists
of the sets of the form p−1B (x) where pB :Π → ΠB is the projection, B is a countable
subset of A and x ∈ ΠB =∏α∈B Gα . It is easy to see that Π = (Π, τ) is a Hausdorff
topological group all Gδ-subsets of which are open, i.e., Π is a P -group.
For g ∈Π , let
suppg = {α ∈A: piα(g) 6= eα},
where piα is the projection of Π onto Gα and eα is the identity of Gα . Let G∗ be the weak
sum of the groupsGα , i.e.,
G∗ = {g ∈Π : | supp(g)|< ℵ0}.
Obviously,G∗ is a P -group and hence is zero-dimensional. By a result of Comfort (see [3,
Theorem 2.3]), the groupG∗ is Lindelöf. Let us show that G∗ is strictly o-bounded.
Denote by [A]6ω the family of all non-empty countable subsets of A. For every
B ∈ [A]6ω, let eB be the identity of ΠB . Then the family U = {UB : B ∈ [A]6ω} is a
base of the identity e of G∗ where UB = p−1B (eB)∩G∗. One easily verifies the following:
(1) the sets UB are clopen;
(2) every UB is a subgroup of G∗;
(3) |G∗/UB |6 ℵ0 for each B ∈ [A]6ω.
Without loss of generality we can assume that player I chooses elements of U . In addition,
we can assume that if UBn and UBn+1 are the first player’s choices at steps n and n+ 1,
respectively, thenUBn ⊇UBn+1 . So, player I will form a decreasing sequenceUB0 ⊇UB1 ⊇
· · · of open subgroups of countable index in G∗. For every UBi in this sequence, we define
a countable set Ai = {xi,0, xi,1, . . .} picking an element xi,j in every left coset of UBi in
G∗ in such a way that suppxi,j ⊆ Bi for each j ∈ ω.
Let UB0 be player I’s first choice. Then player II chooses F0 = {x0,0}. If player I chooses
UB1 , player II chooses F1 = {x0,0, x0,1, x1,0, x1,1}. At step n, if player I chooses UBn ,
player II chooses Fn = {xi,j : i, j 6 n}. It is easy to see that ⋃∞i=0Fi =⋃∞i=0Ai .
Now, we shall prove that
⋃∞
i=0 Fi · UBi = G∗. Let x ∈ G∗ be arbitrary, and put
B =⋃∞i=0Bi . Then K = xUB is a left coset of UB that contains x . For every i ∈ ω, K
is a subset of some left coset of UBi , say, K ⊆ xi,ki ·UBi . We have a decreasing sequence
x0,k0UB0 ⊇ x1,k1UB1 ⊇ · · · ⊇ xn,knUBn ⊇ · · · ⊇K.
Note that if i < j and yUBj ⊆ xUBi , then x−1y ∈ UBi . Hence x−1(α)y(α)= eα for each
α ∈Bi . Therefore,
suppx0,k0 ⊆ suppx1,k1 ⊆ · · · ⊆ suppxn,kn ⊆ · · · .
Indeed, if n < m, then xm,km = xn,knu for some u ∈ UBn . Since suppxn,kn ⊆ Bn, the
supports of xn,kn and u are disjoint. This implies that suppxn,kn ⊆ suppxm,km .
For every i ∈ ω, we have x ∈ xi,kiUBi , whence suppxi,ki ⊆ suppx . Consequently, there
exists an integer m such that
xm,km = xm+1,km+1 = xm+2,km+2 = · · · .
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Put y = xm,km . Then x ∈ y · UBi for all i > m, i.e., x ∈ yUB . Note that y ∈ Fn for
n=max{m,km}, so G∗ = (⋃∞i=0 Fi) ·UB . Since( ∞⋃
i=0
Fi
)
·UB ⊆
∞⋃
i=0
Fi ·UBi ,
we have G∗ =⋃∞i=0 Fi ·UBi . Thus, G∗ is strictly o-bounded.
It is easy to see that every Lindelöf P -group is complete. Indeed, every Lindelöf
subspace of a Hausdorff P -space is closed. In addition, if a P -groupG is a dense subgroup
of a topological group H , then H is a P -group. Therefore, a Lindelöf P -group coincides
with its completion. So, the above group G∗ cannot be a subgroup of a σ -compact group
H , otherwiseG∗ would be closed inH and hence σ -compact. We conclude that the strictly
o-bounded groups do not coincide with the subgroups of σ -compact groups.
4. A characterization of o-bounded groups
A second countable topological group is not necessarily o-bounded (see Example 2.6).
The following theorem characterizes the class of o-bounded groups in terms of second
countable continuous homomorphic images.
Theorem 4.1. An ℵ0-bounded topological group G is o-bounded if and only if all second
countable continuous homomorphic images of G are o-bounded.
Proof. The necessity of the condition follows from Theorem 2.3. Suppose thatG is an ℵ0-
bounded group whose second countable continuous homomorphic images are o-bounded.
Let U0,U1, . . . be a sequence of neighborhoods of the identity in G. For every i ∈ ω,
choose a neighborhood Vi of the identity such that V 2i ⊆ Ui . Since G is ℵ0-bounded, for
every Vi one can find a continuous homomorphism
ψi :G→Hi
onto a second countable group Hi and a neighborhood V ∗i of the identity in Hi such that
ψ−1i (V ∗i )⊆ Vi (see [5,2]). Let
ϕ =∆i∈ωψi :G→
∏
i∈ω
Hi
be the diagonal product of the homomorphisms ψi . The group K = ϕ(G) is second
countable and, by assumption, o-bounded. Consider the following commutative diagram
G
ϕ
ψi
K ⊆∏i∈ω Hi
fi
Hi
C. Hernández / Topology and its Applications 102 (2000) 101–111 107
where fi is the restriction of the projection pii :∏j∈ω Hj → Hi to K . For every i ∈ ω,
defineWi = f−1i (V ∗i ). SinceK is o-bounded, there is a sequence {Ei: i ∈ ω} of finite sub-
sets of K such that
K =
⋃
i∈ω
Ei ·Wi.
For every x ∈Ei , choose gx ∈ ϕ−1(x) and define Fi = {gx : x ∈Ei}.
Let us show that G=⋃i∈ω Fi ·Ui . For every g ∈G, there exist i ∈ ω and y ∈ Ei such
that ϕ(g) ∈ yWi . Since N = kerϕ ⊆ Vi for each i ∈ ω, we have
g ∈ ϕ−1(yWi)= gyN · ϕ−1(Wi)⊆ gyN · Vi ⊆ gyV 2i ⊆ gyUi .
Therefore, g ∈ Fi ·Ui , and henceG=⋃i∈ω Fi ·Ui . We conclude thatG is o-bounded. 2
Theorem 4.1 enables us to give another proof of the fact that every Lindelöf P -group
is o-bounded (see Theorem 2.4). Indeed, if G is a Lindelöf P -group and φ :G→ H is a
continuous epimorphism to a second countable group H , then H must be countable and,
consequently, o-bounded. Therefore,G is o-bounded by Theorem 4.1.
Problem 4.2. Is it true that every ℵ0-bounded groupG is strictly o-bounded if and only if
all its second countable continuous homomorphic images are strictly o-bounded?
5. The spaces Cp(X) and productivity properties
For a Tychonoff space X, we denote by Cp(X) the ring of all continuous real-valued
functions on X endowed with the topology of pointwise convergence (see [1] for basic
results in Cp-theory). Considered with the sum operation,Cp(X) is an Abelian topological
group. We begin this section with a theorem that characterizes o-boundedness of the group
Cp(X).
Theorem 5.1. The group Cp(X) is strictly o-bounded if and only if X is pseudocompact.
Proof. If X is pseudocompact, then Cp(X)⊆⋃n∈N+[−n,n]X . So, Cp(X) is a subgroup
of a σ -compact group, and Corollary 2.2 implies that Cp(X) is strictly o-bounded. On
the other hand, if X is not pseudocompact, then it contains a C∗-embedded countably
infinite discrete subspace Y . Therefore, the restriction map pi :Cp(X)→ Cp(Y ) ∼= Rω ,
pi(f ) = f |Y for f ∈ Cp(X), is a continuous epimorphism. Consequently, Cp(X) cannot
be strictly o-bounded by Theorem 2.3. 2
We do not know whether o-boundednes is a productive property:
Problem 5.2. Is the product of two o-bounded groups o-bounded?
We solve Problem 5.2 in the affirmative if one of the factors is a subgroup of a σ -compact
group.
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Theorem 5.3. If G is a subgroup of a σ -compact topological group and H is an o-
bounded group, then G×H is o-bounded.
Proof. First, we assume that G is σ -compact. Let U0,U1, . . . be a sequence of
neighborhoods of the identity in G × H . We can assume without loss of generality that
eachUi has the formUi = Vi×Wi where Vi andWi are neighborhoods of the identity inG
andH , respectively. Since the groupG is σ -compact, we can represent it asG=⋃n∈ω Kn
where Kn are compact subsets of G and Kn ⊆Kn+1 for each n ∈ ω.
For every i ∈ ω, letDi ⊂G be a finite set such thatKi ⊆Di ·Vi . Consider the sequences
Wn = {Wn+i : i ∈ ω}, n ∈ ω. SinceH is o-bounded, for every n ∈ ω there exists a sequence
En = {En,i : i > n} of finite subsets of H such that
H =
⋃
i>n
En,i ·Wi.
Define a finite subset Fi of G×H by
Fi =Di ×
(⋃
n6i
En,i
)
.
Let us prove that
G×H =
∞⋃
i=0
Fi ·Ui.
For a point (g,h) ∈G×H , there exists n ∈ ω such that g ∈Kn. By the choice of En, there
exist i > n and y ∈En,i such that y ·w = h for some w ∈Wi . Since Kn ⊆Ki , there exists
x ∈Di such that x · v = g for some v ∈ Vi . Then (g,h)= (x, y) · (v,w) ∈ Fi ·Ui , and this
proves that G×H is o-bounded.
Now, if G is a subgroup of a σ -compact group K , then K × H is o-bounded. Apply
Theorem 2.1 to the subgroupG×H of K ×H to conclude that G×H is o-bounded. 2
Combining Theorems 5.1 and 5.3 we obtain the following.
Corollary 5.4. If G is an o-bounded group and X is a pseudocompact space, then
Cp(X)×G is o-bounded.
6. An o-bounded group which is not strictly o-bounded
The following example shows that the concepts of o-boundedness and strict o-
boundedness are different even in the class of second countable groups. We use the
following notation: If {Xi : i ∈ I } is a family of sets, Ai ⊆Xi for each i ∈ I and
V =
∏
i∈I
Ai ⊆
∏
i∈I
Xi,
we define coordV = {i ∈ I : Ai 6=Xi}.
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Example 6.1. For every x ∈ Rω , define suppx = {n ∈ ω: x(n) 6= 0}. Let {nk: k ∈ ω} be
the enumeration of suppx in the increasing order. Denote by X the set of all x ∈Rω such
that
lim
k→∞
x(nk)
nk+1
= 0.
Consider the subgroupG of Rω generated by X, i.e.,G= 〈X〉. In what follows we use the
additive notation for the group operation in Rω .
We shall prove thatG is not strictly o-bounded describing a winning strategy for player I.
In the first turn, player I chooses
U0 =G∩
(∏
j∈ω
V0,j
)
,
where V0,0 = (−1,1) and V0,j =R if j > 0. Suppose that for this turn, a finite set F0 ⊂G
is the player II’s choice. For n0 = 0, pick x(0) ∈ R \ pi0(F0 + U0) where pi0 :Rω→ R0
is the projection. Take an integer n1 such that |x(0)| < n1. In the second turn, player I
chooses
U1 =G∩
(∏
j∈ω
V1,j
)
,
where V1,j = (−1,1) for 0 6 j 6 n1 and V1,j = R if j > n1. In general, suppose that
the neighborhoods U0,U1, . . . ,Uk , the finite sets F0,F1, . . . ,Fk , the positive integers
n0 < n2 < · · · < nk and the real numbers x(n0), x(n1), . . . , x(nk) have been chosen so
that l · |x(nl−1)|< nl and x(nl) /∈ pil(Fl +Ul) for each l 6 k. We choose an integer nk+1
such that (k + 1)|x(nk)|< nk+1. Then, in the turn k + 1 player I chooses
Uk+1 =G∩
(∏
j∈ω
Vk+1,j
)
,
where Vk+1,j = (−1,1) for 06 j 6 nk+1 and Vk+1,j =R if j > nk+1. It is easy to see that
the point p ∈Rω defined by
p(n)=
{
x(n), if n ∈ {n0, n1, . . .},
0, otherwise
is an element of X ⊆G and that p /∈⋃i∈ω(Fi +Ui). This implies that
∅ 6=G \
⋃
i∈ω
(Fi +Ui),
so the first player has a winning strategy, and the groupG is not strictly o-bounded.
Let us prove that G is o-bounded. For this purpose, we associate to every increasing
sequence of non-negative integers q0 < q1 < · · · , a sequence B0,B1, . . . of subsets of Rω
defined by
Bi =
∏
j∈ω
Ai,j , where
Ai,j =
{ [−qi+1, qi+1] if j 6 qi ,
R if j > qi .
110 C. Hernández / Topology and its Applications 102 (2000) 101–111
Let us show thatX ⊆⋃i∈ω Bi for any such sequence q0 < q1 < · · · . Indeed, if x ∈X, then
limk→∞(x(nk)/nk+1)= 0. So, we can pick an integer N such that
k >N⇒ ∣∣x(nk)∣∣< nk+1.
Define
M =max{|x(n0)|, |x(n1)|, . . . , |x(nN)|}.
Choose i0 ∈ ω and p ∈ ω such that qi0 >M and qi0 6 np < qi0+1. Let k ∈ ω be arbitrary.
If nk > qi0 , then Ai0,nk = R, and hence x(nk) ∈ Ai0,nk ; if k < N and nk 6 qi0 , then
|x(nk)| 6 M < qi0 and x(nk) ∈ Ai0,nk ; finally, if k > N and nk 6 qi0 , then k < p and
|x(nk)| < nk+1 < qi0+1. This implies that x(nk) ∈ Ai0,nk = [−qi0+1, qi0+1]. Therefore,
|x(j)| ∈Ai0,j for all j ∈ ω, i.e., x ∈Bi0 .
If U1,U2, . . . is a sequence of neighborhoods of the identity in G, for every k ∈ ω we
choose a basic neighborhood Vk of the identity such that Vk + · · · + Vk ⊆ Uk , where Vk is
taken k times. Now, we define an increasing sequence of integers q0 < q1 < · · · such that
coordVk ⊆ [0, qk] for each k ∈ ω. For every k ∈ ω, we choose a finite set Ek ⊆G in such a
way that Ek + Vk covers Bk , the kth element of the sequence associated to q0 < q1 < · · · .
Define Fk =Ek + · · · +Ek where Ek is k times a summand. Let us prove that
G⊆
⋃
i∈ω
(Fi +Uk).
If x ∈ G, then x = y1 + · · · + yn where yi ∈ X for each i 6 n. By the above argument,
yi ∈ Bki for some integer ki , i = 1, . . . , n. If k =max{k1, k2, . . . , kn, n}, then yi ∈ Bk , for
each i 6 n. Therefore, we have
y1 + · · · + yn ∈ Ek + Vk + · · · +Ek + Vk︸ ︷︷ ︸
n times
⊆Ek + Vk + · · · +Ek + Vk︸ ︷︷ ︸
k times
⊆Ek + · · · +Ek︸ ︷︷ ︸
k times
+Vk + · · · + Vk︸ ︷︷ ︸
k times
⊆ Fk +Uk.
This shows that G is o-bounded.
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